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Figure 8. Calculated distribution of the strain energy when the 
nylon 6 chain is stretched along the chain axis. 
lecular forces because the internal and external interactions 
do not strongly couple with one other. This is because the 
intermolecular interactions are almost restricted to the 
nonbonded methyl-methyl pairs and the skeletal chains 
are affected by the intermolecular interactions only 
through such side group interactions. In the case of the 
y form nylon 6, the intermolecular forces influence directly 
the skeletal chains, different from the case of i-PP. A 
detailed discussion for i-PP will be reported 
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Activation Energy Insensitivity to Barrier-Crossing Correlations in 
Long-chain Molecules1 
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ABSTRACT Recent experiments by Morawetz e t  al. show that the activation energy for rotational barrier 
croasinga in a long-chain molecule in solution is the same as for an analogue molecule with only a single rotational 
barrier. We present the results of computer simulation studies of this process which use the technique of 
Brownian dynamics applied to a model of a polymer chain regarded as a system of linked rigid bodies. The 
computer simulation results parallel qualitatively the experimental results of Motawetz et al. We consider 
also a model system with two degrees of freedom, each representing the motion of a dihedral angle, and a 
tensor viscosity which permits a controlled degree of correlation between the motion of these angles over rotational 
barriers. This model also exhibits insensitivity of the activation energy to the degree of correlation and an 
examination of its trajectories provides some insight into the process. 

Introduction 
A linear long-chain molecule in solution undergoes fre- 

quent conformational transitions by rotations about bonds 
of the backbone chain. These rotations are opposed by 
a rotational energy barrier (one associated with each bond) 
due to side-group interactions, and the overcoming of this 
barrier is a thermally activated process. 

A question of long standing concerns the degree of 
correlation that exists among the times at which the var- 
ious bonds along the chain undergo rotations over their 
respective barriers. That some correlation should exist is 
seen by considering the situation in which a rotation over 
the barrier takes place about a bond near the chain center 
while the dihedral angles describing the conformations of 
the remaining bonds remain unchanged. In this case the 
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chain ends would experience a rapid, large excursion 
through the solvent, commonly referred to as whipping 
motion. Since this whipping motion would bring into play 
large viscous forces, suggestions have been put forward 
conjecturing various types of correlated motions such as 
the crankshaft of Schatzki,2 the gauche migration of 
Helfand? the three-bond motion,4t5 and others which would 
serve to limit chain-end excursions. 

A closely related question is the effect of correlated 
motions upon the activation energy for thermally activated 
conformational transitions. If rotations about bonds occur 
in an uncorrelated manner so that only one rotational 
energy barrier is crossed a t  a given time, the theory of 
thermally activated processes indicates that the activation 
energy for the process should be Eb, the height of the 
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rotational energy barrier. If the motion is correlated so 
that two or more barriers are surmounted at  the same time, 
it appears that the activation energy would be increased 
correspondingly. For example, if correlation occurs by the 
Schatzki crankshaft mechanism, two barriers are crossed 
simultaneously and it would appear that the activation 
energy should be 2&. 

The reasoning may be summarized therefore in the 
following syllogism: (1) Uncorrelated rotations imply large 
chain-end excursions and high viscous drag. (2) The need 
to limit viscous drag implies correlated rotations such as 
crankshaft motions. (3) Correlated rotations imply an 
activation energy substantially greater than &,, e.g., 2Eb 
for the crankshaft mechanism. 

Morawetz and co-workersGg have recently conducted a 
series of elegant experiments which clearly demonstrate 
that the conclusion of this reasoning is wrong. By use of 
fluorescence ~ p e c t r o s c o p ~ ~  and by the comparison of the 
quantum yields of photoisomerization in chain molecules 
and their analogues7 they have measured the rates of 
barrier crossing in a long-chain molecule with many bonds 
and in an analogue molecule containing only a single ro- 
tational energy barrier of the same character as in the 
polymer. They found that the activation energies for the 
process in the polymer and in the analogue were identical 
within experimental error. 

The experiments of Morawetz and co-workers raise the 
question as to which statement of the above syllogism is 
a t  fault and we wish to examine it here by the technique 
of computer simulation. This approach has been exten- 
sively used in recent years for the study of polymers in 
solution. The methods employed include Brownian dy- 
namics,1(t18 molecular and Monte Carlo 
simulations.2G30 In this paper we use the polymer model 
and calculation procedure developed by Pear and Wein- 
er1'J8 (referred to hereafter as I and 11) and attempt to 
parallel in the computer simulation the general approach 
taken by Morawetz and co-workers. That is, we compare 
simulated transition rates in a model of a long-chain 
molecule and in an analogue containing only a single ro- 
tational barrier. 

The question of barrier crossing rates in polymers has 
been considered theoretically by Helfand3 and, more re- 
cently, by Skolnick and Helfand31 and by computer sim- 
ulation by Helfand, Wasserman, and Weber.13 Their work 
is based on flexible polymer models (bond lengths and 
bond angles are maintained nearly constant by stiff 
springs) whereas our work utilizes a polymer model of 
linked rigid bodies (fixed bond lengths and bond angles 
are imposed as geometric constraints). Some of our ob- 
servations, nevertheless, particularly in regard to the 
localized nature of barrier crossing, are in agreement with 
their results. This study therefore serves, in part, to 
complement that of Helfand and co-workers by providing 
an indication of the role played by bond stretching and 
bending in the process. 

A key aspect of the dynamics of long-chain molecules 
in solution is that the directions of motion in configuration 
space which minimize viscous drag do not, in general, co- 
incide with those tangent to the paths of steepest descent 
along the potential energy surface. The viscous drag as- 
pects have been emphasized in the recent work of Pear, 
Northrup, and M ~ C a m m o n . ~ ~  In this work we study the 
interplay between viscous drag and energetic forces by 
means of a simple two-dimensional model. 

The plan of the paper is as follows: A general descrip- 
tion of the polymer model together with an outline of the 
numerical procedure used is given in section 1 and com- 
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Figure 1. A section of backbone chain that depicts the notation 
used. Backbone atoms are represented by Ci-2, Ci-1, Ci, and Ci+1. 
A chain of  N bonds has N + 1 atoms Ci ,  N - 1 valence angles O i ,  
and N - 2 dihedral angles 4i. 

Figure 2. The mechanical system that corresponds to a rigid 
backbone chain. It maintains fixed bond lengths and valence 
angles. A pin on each body fits into a socket (dotted outline) of 
the previous body. This allows variations in the dihedral angles 
of the resulting chain. 

puter simulation results are presented in section 2. The 
simple two-dimensional model which permits controlled 
variation of the degree of correlation is described in section 
3 together with computer simulation studies of its behavior. 
Conclusions are presented in section 4. 

1. Model Description 
A complete description of this model is presented in I 

and only a general picture is given here. In order to in- 
troduce notation, consider the diagram of a backbone chain 
of atoms shown in Figure 1. The atom positions are given 
by Ci-2, CiWl, Ci, and Ci+l. The bonds are described by a 
vector li running from Ci..l to Ci, the angle formed between 
1; and li-l denotes the valence angle Bi, and the rotation of 
li about an axis along li-, is measured by the dihedral angle 
$i. To form a rigid backbone chain with N bonds, the 
valence angles Oi and bond lengths llil are constrained to 
the constants 8 and 1. The N - 2 internal dihedral angles 
$i (i = 3, ..., N) are permitted to vary. 

An equivalent mechanical system can be constructed as 
depicted schematically in Figure 2. Each link of the chain 
is composed of a single backbone atom to which are at- 
tached two massless connecting rods of length 112 a t  an 
angle 0 to each other. Joining these forms a chain of bond 
length 1 and valence angle 0. The ends of the chain are 
treated by considering each of the two end atoms and its 
nearest neighbor as one rigid body. Since the connecting 
hinges permit rotation only about an axis between two 
adjacent backbone atoms, the linked rigid body model 
eliminates variation in bond lengths and valence angles. 
However, it still allows conformation changes to take place 
by means of dihedral angle rotations. 

This system has six degrees of freedom in addition to 
the internal degrees of freedom $i (i = 3, ..., N). These are 
the three degrees of freedom for the translational motion 
of the center of mass of the entire chain and the three 
angular coordinates that orient the first body of the chain 
with respect to some reference frame. In the numerical 
method presented in I, the translational coordinates pro- 
duce separate equations of motion and are eliminated from 
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consideration. The angular coordinates are described by 
three Bryant angles &, 42 (similar to Euler angles) 
which depict the orientation as a rotation of 4o about the 
x axis of the reference frame followed by subsequent ro- 
tations of 41 and q52 about the new y and z axes, respec- 
tively. The chain is then described by the N + 1 dihedral 
angles @o, ..., @N. In the present paper, we will be concerned 
with the internal state of the chain and thus focus atten- 
tion on the N - 2 dihedral angles &, ..., 4N. 

In I, Pear and Weiner examined the differences between 
rigid and flexible models of 3-bond polymer chains that 
were freely rotating (i.e., with no hindering of the internal 
dihedral angle rotation). They found that the distribution 
of the single-variable dihedral angle 4 was uniform for the 
flexible model and nonuniform for the rigid model. This 
was due to the metric determinant g(4) introduced by bond 
length and valence angle constraints. Following a sug- 
gestion put forth by Fixman,lo they demonstrated that the 
uniform distribution of the flexible model could be re- 
produced in the rigid model by the inclusion of a com- 
pensating potential U(&) = kBT In { [g(q5)]'I2i. In 11, Pear 
and Weiner conjectured a generalization of the Fixman 
potential for an N-bond chain in the form 

N 

i=3 
U(d'3, $6~) = kBTCln { [g(d'i) I 1/21 (1.1) 

where g is the metric determinant of a 3-bond chain with 
the same valence angle and atomic masses as the long 
chain. It was found computationally that this potential 
produced the desired uniform distribution of dihedral 
angles #3, ..., 4N in the absence of other imposed rotational 
energy barriers and this generalized Fixman potential is 
incorporated as a torsional potential in the linked rigid 
body model. 

To introduce the hindered rotation of dihedral angles 
caused by side-group interaction, we consider a piecewise 
quadratic potential with one barrier on the interval [-r,r] 
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Figure 3. Arrhenius plot for chains of varying length. The 
frequency f represents the number of complete transitions per 
second. The barrier height Eb = 0.5, the viscosity 7 = 2, and the 
time step for the simulation St = 0.05 are all in dimensionless 
units.% A slope of -1 corresponds to an activation energy of 1Eb. 
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v(@i) = (2Eb/r2)[($'i - &) + *I2 4i - d'b < - r / 2  

V($i) = 
E b  - ( 2 E b / r 2 ) ( 4 i  - 4b)2 -?r/2 5 @j - &, 5 r / 2  

(1.2) v(&) = (2Eb/r2)[(dj - &) - TI2 r / 2  < $i - $'b 

E b  is the barrier height and I#+, determines the position of 
the barrier peak. 

The behavior of this model, regarded as in thermal 
motion in dilute solution, was simulated by the technique 
of Brownian dynamics as detailed in I. As noted there, 
the equations of motion were developed on the basis of the 
formalism outlined by W i t t e n b ~ r g ~ ~  for treating the dy- 
namics of systems of linked rigid bodies. Our interest in 
the present work is not the direct quantitative comparison 
with experiment but rather in the general nature of the 
dynamics of this type of system. For this reason, we work 
with valence angles of 90' and the single-barrier rotational 
potential. 

2. Simulation Results 
In Figures 3 and 4, we present Arrhenius plots for chains 

of N = 3,7, and 15 bonds with q = 2.0 and for N = 3 and 
15 bonds with 9 = 4.0.34 Rates for each dihedral angle were 
measured by counting only those transitions that crossed 
the entire barrier region, Le., those that traversed the re- 
gion &, - r / 2  to &, + r / 2 .  After the number of jumps for 
each angle were divided by the total time, the resulting 
individual rates were averaged to produce an overall rate. 
A least-squares fit was used to determine the activation 

0 1 2 3 4 

E,/k,T 
Figure 4. Arrhenius plot for chains of 3 and 15 bonds, respec- 
tively, and 7 = 4. 

energies for each chain. As clearly seen from the com- 
parison slopes, the activation energies for each chain show 
an activation energy of 1 E b  (within 10%). There is also 
a decrease in the frequency factors with increasing chain 
length. The experimental work of Morawetz and co- 
workersG9 demonstrates similar behavior; a chain with 
many dihedral angles has the same activation energy as 
that for an analogue molecule with only one dihedral angle. 
Experiment also shows the lowered frequency factor for 
the long chain although the frequency factor reduction 
observed experimentally is only about 30% of that ob- 
served in the computer simulation. An additional feature 
to note is that there is a rapid approach to the behavior 
of the infinite chain. In the recent work of Skolnick and 
Helfand,3l the transition rates of a central bond for chains 
of various conformations are examined. They find that 
the motion over a rotational barrier of a central bond is 
highly localized. That is, the accompanying motion of 
adjacent bonds decays rapidly in amplitude with distance 
from the central bond. Therefore there is a rapid approach 
to the behavior of the infinite chain for the transition rates 
of central bonds. This aspect of the process is confirmed 
by the present computer simulation. 

A histogram of transition rates as a function of indi- 
vidual angles for a 15-bond chain is presented in Figure 
5. This picture shows an increase in rates as one proceeds 
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Figure 5. Histogram of transition rates aa a function of individual 
angles along chain for a 15-bond chain. 

from the interior of the chain toward the ends. This result 
also appears to be in accord with the localized nature of 
barrier crossing noted in the theory of Skolnick and 
H e l f a ~ ~ d ; ~ l  rates for bonds near the center are lower than 
those near the ends since the barrier crossing must be 
accompanied by the small-amplitude motion of bonds to 
either side. 

The qualitative agreement of the simulation with both 
experiment and theory suggests that the model contains 
the essential features of the process. It is important to note 
that since the simulation utilizes a rigid model, accom- 
modation of the chain by bond stretching and bending is 
not an essential aspect of the process. We can now ex- 
amine the implications posited in the introduction. 

(1) In 11, Pear and Weiner examined the effect of vis- 
cosity on a chain that had one of the end bodies fixed in 
order to eliminate the effect of the rigid body rotation of 
the chain as a whole. This enabled them to concentrate 
on the motion of the chain end due to internal motions. 
The motion of the free end relative to the fixed end was 
found to decrease with increases in viscosity. In a model 
chain for which the variations of dihedral angles were 
uncorrelated, changes in viscosity were found to produce 
little effect and large chain end excursions were noted. 

( 2 )  To see that some form of coordinated motion takes 
place in the free chain, records were kept in the present 
computations of the times at  which individual dihedral 
angles crossed their rotational barriers. Typical results are 
shown in Figure 6. There we plot a sequence of transitions 
vs. time for a 15-bond chain with 7 = 4 and Eb/kBT = 3. 
This value of E b / k T  was chosen in order to obtain a 
suitable sampling of barrier crossings in a reasonable length 
of computer run, although a somewhat larger value, Eb/kT - 5, is more realistic for paraffin chains. Each jump 
(which, as described for the rate plots, must clear the entire 
barrier region to be counted) is represented by a line 
connecting the times when it enters and leaves the barrier 
region. Different symbols are used at  each end of the 
barrier so that the direction in which the barrier was 
crossed may be noted. One purpose in obtaining records 
of this type was to determine whether hindered rotations 
propagated along the chain in a regular sequence, some- 
what in analogy to the manner in which a dislocation 
propagates in a crystal. This was not observed in these 
simulations. However, the results do show a high degree 
of simultaneity and cooperativity in the motion of the 
dihedral angles. Yet, at the same time, Figures 3 and 4 
demonstrate an activation energy of only I&,. To return 
to the syllogism of the Introduction, it would seem that 

0 500 1000 1500 2000 
TIME 

Figure 6. Times at which individual angles begin and end 
transitions across barrier for a 15-bond chain. Eb/ksT = 3, Q = 
4, and 6 t  = 0.05 (dimensionless units). The rotational energy 
barrier was at f#Jb = T.  The insert in the upper right-hand corner 
relates the symbols X and 0 to the points crossed on the potential 
barrier. 

0 271 

Figure 7. Contour plot of the potential of eq 3.2. Dashed lines 
are neighborhoods of maxima and solid lines those of minima. 
V = 0 for minima, V = 2Eb for maxima, and V = Eb for saddle 
points. 

implication 3, which states that coordinated motion implies 
an activation energy of a multiple of Eb, is a t  fault. 

In order to gain further insight into the role of viscosity 
in producing correlated barrier crossings and the subse- 
quent effect upon the activation energy of the process, we 
turn in the next section to a simple model system. 

3. Two-Dimensional Model 
We next consider as a simplified model a particle with 

two degrees of freedom, where each degree of freedom 
represents an internal dihedral angle of a polymer. It obeys 
a Langevin equation of the form 

;bi = -dV/d4i - 7ijdj + Ri(t) 
(3.1) (i, j = 1, 2; sum over j )  

where 
V(4~1,42) = (Eb/2) (2  - COS $1 - COS $2) (3.2) 

qij is a viscosity tensor and Ri(t) is the random Langevin 
force term. The superposed dot denotes differentiation 
with respect to time. A contour plot of the potential is 
shown in Figure 7, where dashed lines represent the 
neighborhood of a maximum and solid lines that for a 
minimum. The maxima have V = 2Eb, the minima have 
V = 0, and there are saddle points located at the inter- 
section of the equipotential lines & = (2n + 1 ) ~  - &, 42 



Vol. 14, No. 3, May-June 1981 Activation Energy and Rotational Barrier Crossings 789 

determining the types of transitions that occur'. For the 
anisotropic case, there is a direction of easy motion (in 
terms of viscous forces) that is not aligned with a direct 
path between adjacent minima but rather is a t  an angle 
of 45O to it. Since a transition from S1 to S2 (Figure 8) 
must take place in some way parallel to the y1 axis, one 
expects that a medium with y1 as the axis of least drag has 
the greatest likelihood of producing correlated jumps. 

To display the form of the viscosity tensor of eq 3.1, we 
transform back to the &, 42 frame. This yields 

7ij = '/2(71 + 72) i = i 
= '/2(71 - 72) i z i (3.6) 

The random force terms, Rit, are composite random var- 
iables comprised of orthogonal combinations of the Ai(t). 
These have the statistical properties 
(Ri ( t ) )  = 0 (Ri ( t?Ri( t ) )  = (71 + 72)T6(t - t? (3.7a) 

(Ri(t)R,(t?) = (71 - 72)73(t - t?  (3.7b) 
Note that the Ri(t) are Correlated. This is a consequence 
of the viscous coupling. As a check, for an isotropic me- 
dium, the equations should revert to that for simple 
Brownian motion, and indeed, for vl = v2 = 1, the viscosity 
tensor is diagonal, the correlation of the force terms is zero, 
and the autocorrelation becomes 27T. Thus, the $1, $2 
frame is seen to be most useful for considering the po- 
tential energy surface, trajectories, and transitions, while 
the yl, y2 frame enables us to better visualize the effects 
of viscous forces. 

I t  is not our intention with this model to represent a 
molecule moving in a solvent whose viscosity is anisotropic. 
Rather, the model is intended to represent, in a highly 
idealized way, the motion of a long-chain molecule in a 
solvent with the usual isotropic viscosity. In this latter 
case, uncorrelated motion results in tail whipping and high 
viscous drag, while highly correlated motion which sup- 
presses tail whipping results in low viscous drag. Uncor- 
related motion and correlated motion represent two dis- 
tinct types of paths in the multidimensional configuration 
space of the long-chain molecule. Our model focuses on 
these two paths and the anisotropic viscosity tensor mimics 
the difference in drag between the two. 

The numerical procedure employed to produce a rep- 
resentative trajectory of the system was a stochastic ex- 
tension of the Runge-Kutta method developed by Hel- 
fand35 and used to second order. The form of the yl, y2 
Langevin equations (eq 3.4a and 3.4b) lend themselves 
most readily to this procedure. To ensure the efficacy of 
the simulation, a time average was made of the kinetic 
energy of the system and compared to the equipartition 
value of 2(T/2). For suitable choices of the time step 6t, 
trajectories could be generated such that the kinetic energy 
behaved properly and for most calculations 6 t  = 0.05 was 
employed. The procedure was as follows for each trajec- 
tory. A random initial position was chosen subject to the 
condition that it was in the well a t  the origin (Le., 1$11 < 
a, 1421 C a); initial velocities were taken to be zero. These 
values were converted to the yl, y2 system and by means 
of the stochastic Runge-Kutta method, new values in- 
cremented in time by 6 t  were obtained. For the purpose 
of calculating rates, the yl, y2 values were expressed as &, 
42 values a t  each time step and transitions were counted 
by the method used for the chain simulation. 

Figure 9 shows Arrhenius plots for an isotropic medium 
(ql = q2 = 4) and one that is anisotropic (vl = 0, v2 = 8). 
In both cases the activation energy is Eb within &lo%, 
where, as previously noted, Eb corresponds to the saddle 
point energy. 

Figure 8. Schematic depiction of the types of transitions that 
can occur for the potential of eq 3.2. Transitions Sl-Su or &-SIB 
are uncorrelated jumps; transitions Sl-S2 are correlated. 

= (2n + 1 ) ~  $1 (n  = 0, f l ,  f2 ,  ...) with v = Eb. 
To motivate the use of this model, consider the diagram 

of Figure 8. This is a schematic depiction of the possible 
transitions from one minimum to another that can occur 
for the potential of eq 3.2. These transitions can be 
classified into two groups: (1) the equivalent passages S1 
to SIA or S1 to SIB, which are uncorrelated jumps, or (2) 
passages from S1 to S2, which are correlated jumps with 
$1 and 42 simultaneously moving from one energy mini- 
mum to another. 

From the energetic viewpoint, uncorrelated jumps over 
the saddle points with V = Eb are favored as opposed to 
correlated jumps over barrier peaks with V = 2Eb. We 
wish to consider variations in the viscosity tensor vi'  so that 
viscous drag is minimized for correlated jumps wken it is 
suitably defined. For this purpose it is convenient to 
postulate that vi, is diagonal in the orthogonal coordinate 
system 

Y1 = ( l / f i ) (41  + $2) (3.3a) 

Y2 = W f i M  - 42) (3.3b) 

In this reference frame, the Langevin equations take the 
form 

9, = -7dl - fiEb sin bl/fi) COS b2/d3 + A,W 

Y2 = -7d2 - f i ~ ~  cos b1/fi) sin ty2/d5 + A,W 

(3.4a) 

(3.4b) 

where q1 and q2 are coefficients of viscosity in the y1 and 
y2 directions, respectively. A l ( t )  and A2(t)  are normally 
distributed random forces with the statistical properties 

(Ai ( t ) )  = 0 (3.5a) 

(3.5b) 
(Ai(t)Ai(t?) = 271Ta(t - t? 
(A2(t)A2(t?) = 272T6(t - t? 

with T being a dimensionless temperature. 
In the yl, y2 frame it is easy to see that by varying q1 and 

v2, we can control the nature of viscous drag on the system. 
Depending on their values, there will be a maximum drag 
along one of the axes and a minimum drag along the other, 
with gradations in the strength of the viscosity between 
the two. For example, vl = q2 yields an isotropic medium 
with constant drag in all directions, whereas for ql # q2 
(v2 > ql) ,  the medium is anisotropic and has an axis of easy 
motion along yl. There is no preferred direction of motion 
for the isotropic situation; hence the topology of the po- 
tential energy function should be the dominant factor in 
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Figure 9. Arrhenius plot for the two-dimensional model system. 
All quantities are dimensionless. Eb = 2 and bt  = 0.05. A slope 
of -1 corresponds to an activation energy of 1Eb. 

Figure 11. Trajectory plot for the two-dimensional system with 
anisotropic viscosity (71 = 0, 72 = 8). All parameters are the same 
as those for the isotropic system of Figure 10 except for the 
viscosity. This system has an axis of zero drag along the y1 axis 
(which is rotated 4 5 O  counterclockwise from the positive 41 axis). 
Note that motion is aligned along the y1 axis and that there is 
a mixture of correlated and uncorrelated (S&A, SI-&) 
transitions. 

-0 -o.2 4 1 
Figure 10. Trajectory plot for the two-dimensional system with 
isotropic viscosity (vl = 4, 7)2 = 4). &,/kBT = 3 and bt = 0.05. 
The trajectories are from a portion of a representative simulation. 
Maxima are marked by crosses and minima by circles. Note that 
the trajectory shows no preferred direction of motion and that 
the transitions are uncorrelated in nature (i.e., of the Sl-SlA or 
Sl-SlB type). 

Clearly, the two systems are not differentiated by their 
respective activation energies. What must now be con- 
sidered is whether or not they differ in the types of tran- 
sitions being undergone. To answer this question, we 
present a trajectory plot for each case in order to demon- 
strate how passages between minima are negotiated. In 
Figures 10 and 11, we show trajectory plots for the isotropic 
and anisotropic systems, respectively. Eb/jZBT = 3 for both 
systems, with the only difference between the two simu- 
lations being the viscosity tensor. The difference in 
character between the two plots is apparent. In Figure 10, 
the isotropic case, there appears to be no preferred di- 
rection in the overall motion. In transitions between ad- 
jacent minima the passage generally takes place through 
the saddle point along the path of steepest descent on the 
energy surface. Transitions between minima of the S1 to 
S2 type (Figure 8) do not seem to take place. Thus, the 
isotropic system demonstrates uncorrelated behavior. 
However, for the anisotropic case, as seen in Figure 11, the 
motion takes place parallel to the y1 direction and many 
coordinated jumps are in evidence. Here, too, the tran- 
sitions take place through the saddle point but the crossing 
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Figure 12. Plot depicting the average of many passages through 
the saddle point for the isotropic medium. l3blkB.T = 3, 71 = 72 
= 4, and b t  = 0.05. The horizontal line c $ ~  = 0 is the path of 
steepest descent through the saddle point (located at dl = T ,  42 
= 0). 

takes place generally along the equipotential lines 42 = (2n 
+ l)a + $1 (n  = 0, fl, *2, ...). Hence, the anisotropic 
system demonstrates correlated behavior. 

In Figure 12, we show a plot depicting the average of 
many passages through the saddle point for the isotropic 
case. This plot was produced in the following manner. As 
$1 underwent a jump, the values of rbl and 42 were stored. 
When the jump was completed, the values of $2 (after 
reduction to the interval -a C $2 C a) were put into bins 
corresponding to their respective c$~ positions. These 
values were averaged with those for subsequent jumps to 
yield Figure 12. Clearly, this figure shows that the passage 
through the saddle point occurred, on the average, in the 
direction describing the path of steepest descent through 
the saddle point. Similar results were found for transitions 
in the d2 direction. 

The more interesting case is the resultant motion for the 
anisotropic system. By making y1 the direction of least 
drag (specifically zero drag), the overall motion of the 
system becomes aligned with the y1 axis. Again, motion 
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Figure 13. Plot depicting the average of many passages through 
the saddle point for the anisotropic medium. Eb/kaT = 3.O,.q1 
= 0, q2 = 8, and bt = 0.05. The diagonal line is the equipotential 
line V = Eb and the saddle point is at $1 = A, 42 = 0. Note that 
passages are through the saddle point but aligned along the line 
V = Eb. The falloff from this line at the ends is representative 
of the fact that not all transitions are correlated ones. 

Figure 14. Trajectory plot showing the early evolution of the 
system for the anisotropic case (vl = 0, v2 = 8). This shows how 
the direction of motion is transferred from the y2 axis to the y1 
axis. Eb/kBT = 3 and 6t = 0.05. The initial positions were 41 
= 0.02, C#J$ = 0.03 with initial velocities set equal to zero. 

appears to be distributed about a path that passes through 
the saddle point but not along the path of steepest descent 
of the potential surface. Rather, the energetics of the 
potential seem to combine with the anisotropic viscosity 
to produce a reaction coordinate that lies along the 
equipotential line V = Eb (in the direction of yl) that leads 
from one minimum to another, nonadjacent, one. This is 
demonstrated in the plot of Figure 13 (produced in the 
same manner as Figure 12). The straight line in this figure 
represents the line V = E,,. 

The Brownian dynamics of this model has an interesting, 
counterintuitive aspect. Consider the case with q1 = 0 and 
qz > 0 for example. The random force, which provides the 
impulse for the particle's motion, then has zero component 
in the y1 direction; yet the predominant direction of motion 
in this case is in that direction, as may be seen from Figure 
13. The resolution of this paradoxical behavior is the 
coupling provided by the potential V. This coupling turns 
the particle from the y z  direction, in which the random 
force acts but in which the drag is high, into the y1 di- 
rection, in which the drag vanishes. The gradient of the 
potential V in the y1 direction vanishes on trajectories y1 
= 21f2n?r, n = 0, *l, ..., as seen from eq 3.4a and motion 
along these particular trajectories would not be turned into 
the y1 direction. For example, a simulation initiated at 
the origin with zero initial velocities will execute Brownian 
motion along y z  with no y1 component of motion. The 
turning effect can be observed by initiating the simulation 
near, but not at, the origin and observing the subsequent 
trajectory. This is shown in Figures 14 and 15. In Figure 
14, the initial state is a t  C#J~ = 0.02, & = 0.03 and in Figure 
15, it is a t  & = 0.2, & = 0.3. The turning effect operates 

Figure 15. Trajectory plot for the same situation as described 
for Figure 14 but with initial positions 41 = 0.2, 42 = 0.3. Note 
that the motion is not as strongly digned along the yz axis in the 
initial stagea as is the case for Figure 14. This is due to the stronger 
initial turning effect due to star t ing higher on the potential surface. 

in both cases but begins more rapidly in the second case. 
4. Conclusions 

The Brownian dynamics simulation of a linked rigid 
body model of a linear polymer in solution shows good 
agreement with the recent experimental resulta of Liao and 
Morawetzg in two important respects: (1) the activation 
energy for rotational barrier crossing is the same for a 
long-chain molecule and for an analogue with only one 
rotational barrier and (2) the frequency factor shows a 
slight decrease with increasing chain length. 

The fact that these simulations were carried out on the 
basis of a rigid polymer model (bond length and valence 
angle fixed) demonstrates that it is not essential to include 
bond stretching and bond bending in order to explain the 
experimental results. In this sense the present results are 
complementary to those of Skolnick and Helfand31 and of 
Helfand, Wasserman, and Weber,13 which are based on 
flexible models. I t  should be emphasized that although 
our results show that a rigid model exhibits behavior 
consistent with the experimental results, they do not serve 
to measure the importance or the role of molecular flex- 
ibility in the dynamics of real molecules. 

An examination of the details of these computer simu- 
lation results shows the presence of many barrier crossings 
which occur with near simultaneity. I t  appears, therefore, 
that the intuitive expectation that correlated barrier 
crossing should lead to an activation energy which is a 
multiple of a single barrier height is not correct. 

In order to gain further insight into the interplay be- 
tween viscous drag and energetic forces in this process, we 
have constructed a simple model consisting of a particle 
with two degrees of freedom subject to energetic forces 
derived from a potential and to drag forces due to a tensor 
viscosity. Each degree of freedom of the particle is re- 
garded as representing the motion of a dihedral angle over 
an energy barrier% and, by the variation of the definition 
of the viscosity tensor, it  is possible to have the effect of 
viscous drag favor either uncorrelated or correlated passage 
over energy barriers. The model was studied by Brownian 
dynamics and the activation energy for barrier crossing in 
this model was found to be the same for an isotropic vis- 
cosity tensor which favors uncorrelated barrier crossings 
and for a highly anisotropic viscosity tensor which favors 
correlated barrier crossings. The two-dimensional model 
exhibits, therefore, the same insensitivity of the activation 
energy to barrier-crossing correlation which is observed in 
the polymer model. For the two-dimensional model, 
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however, it was possible to make a more detailed study of 
the particle trajectories during barrier crossings. I t  was 
found that for both cases (isotropic and highly anisotropic 
viscosity tensor) barrier crossings occurred over a saddle 
point with energy equal to one barrier height. In the 
isotropic case the average path followed was one of steepest 
descent on the energy surface and corresponded to un- 
correlated barrier crossing. In the anisotropic case, how- 
ever, the average path followed through the saddle point 
was a constant-energy path and corresponded to correlated 
motion of the two “dihedral angles” but with a phase lag 
between them. These average paths help make under- 
standable the insensitivity of the activation energy for the 
two-dimensional model. It remains for future work to 
determine the extent to which these ideas are applicable 
to long-chain molecules. 
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ABSTRACT: The influence of the exchange between associated and free counterions on the distribution 
of the former along a uniformly charged, one-dimensional rod in the presence of a vanishingly small electric 
field has been investigated. The two-phase model has been used together with simplifying boundary conditions, 
and counterion-counterion as well as polyion-polyion interactions have been neglected. Expressions for the 
induced dipole moment in the associated phase and its relaxation time have been evaluated. Therein appears 
a characteristic length 2 representing the ratio of the diffusion coefficient of the associated counterions in 
the axial direction along the rod to  the rate of exchange. For a rod of length L these expressions reduce to 
those obtained from an analogous model in which exchange is neglected if 2 >> L. The induced dipole moment 
and its relaxation time are then proportional to L3 and L2, respectively. In the opposite case where 2 << L 
the value of the induced dipole moment is strongly reduced and proportional to L whereas the relaxation 
time is determined solely by the rate of exchange and is independent of L. It is thus demonstrated that such 
an exchange should have a considerable influence on the dielectric properties of polyelectrolyte solutions. 

Introduction 
Several theories have already been proposed to explain 

the contribution of linear polyelectrolytes in the ionized 
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state to the electric polarization of their aqueous solutions. 
Many of them were based on a simplified model (the so- 
called two-phase model of Oosawa’) and the polarization 
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